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Abstract
We study the unitarity of the standard model (SM) in higher dimensions. We show that the essential features of SM unitarity
remain after compactification, and place bounds on the highest Kaluza–Klein (KK) level NKK and the Higgs mass mH in
the effective four-dimensional (4d) low-energy theory. We demonstrate these general observations by explicitly analyzing the
effective 4d KK theory of a compactified 5d SM on S1/Z2. The nontrivial energy cancellations in the scattering of longitudinal
KK gluons or KK weak bosons, a consequence of the geometric Higgs mechanism, are verified. In the case of the electroweak
gauge bosons, the longitudinal KK states also include a small mixture from the KK Higgs excitations. With the analyses before
and after compactification, we derive the strongest bounds onNKK from gauge KK scattering. Applying these bounds to higher-
dimensional SUSY GUTs implies that only a small number of KK states can be used to accelerate gauge coupling unification.
As a consequence, we show that the GUT scale in the 5d minimal SUSY GUT cannot be lower than about 1014 GeV.
 2003 Published by Elsevier Science B.V.
PACS: 11.10.Kk; 11.15.-q; 12.60.-i
Open access under CC BY license.1. Introduction
The conventional Higgs mechanism [1] provides
the simplest way of perturbatively generating gauge
boson masses while ensuring the unitarity of mas-
sive gauge boson scattering at high energies [2–6].
Kaluza–Klein (KK) compactification [7] of extra spa-
tial dimensions, on the contrary, can geometrically re-
alize vector boson mass generation without invoking a
E-mail addresses: sekhar@bu.edu (R.S. Chivukula),
dicus@physics.utexas.edu (D.A. Dicus), hjhe@physics.utexas.edu
(H.-J. He), shaown@okstate.edu (S. Nandi).0370-2693  2003 Published by Elsevier Science B.V.
doi:10.1016/S0370-2693(03)00553-7
Open access under Cscalar Higgs particle. In this geometric mechanism the
longitudinal components of the massive vector bosons
in the effective four-dimensional (4d) low-energy the-
ory arise from the extra components of the higher-
dimensional gauge field. The scattering of massive KK
gauge bosons has recently been demonstrated to re-
spect low-energy unitarity in generic 5d Yang–Mills
theories [8] up to energies inversely proportional to the
square of the 5d coupling constant. In the present Let-
ter, extending this study [8], we analyze the unitarity
of the standard model (SM) in D (= 4 + δ) dimen-
sions, present a number of general observations, and
derive their physical consequences.C BY license.
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We begin with the study of unitarity in the uncom-
pactified higher-dimensional SM, where the computa-
tion of the high energy scattering amplitudes is simpler
than in the compactified theory. Yang–Mills theories in
4 + δ dimensions are not renormalizable. The gauge
coupling constant gˆ has mass dimension −δ/2, and
therefore we expect such a theory can only be an ef-
fective theory valid up to an ultraviolet (UV) cutoff
Λ of order gˆ−2/δ . This effective description can only
hold so long as the relevant high energy scattering am-
plitudes remain unitary, and we may estimate Λ by
determining the scale at which the tree-level scatter-
ing amplitudes violate unitarity.
We start by considering the QCD sector of the D
(= 4+ δ)-dimensional SM, in which the gauge bosons
and the Higgs doublet propogate in the extra δ dimen-
sions. The analysis of D-dimensional QCD (D-QCD)
is a direct application of the study of 5d Yang–Mills
theory [8]. The Yang–Mills symmetry is SU(k) with
k = 3, and the gauge Lagrangian is
L̂DQCD =−
1
2
Tr
(
ĜMNĜ
MN
)
,
(1)ĜaMN = ∂MĜaN − ∂NĜaM + gˆsCabcĜbMĜcN,
where, as noted above, the D-dimensional gauge
coupling gˆs has a negative mass dimension−δ/2. The
gauge-fixing and Faddeev–Popov ghost terms L̂gf +
L̂FP can be constructed accordingly.
Consider gluon scattering, Ĝaj1Ĝ
b
j2
→ Ĝcj3Ĝdj4 ,
where the index j ∈ (1,2, . . . ,D − 2) denotes the po-
larization states of gluon field ĜaM . We expect that
scattering amplitude will behave at high-energies as a
constant of O(gˆ2s ). As in [8], we expect a large elas-
tic scattering amplitude in the spin-0 and gauge-singlet
two-particle state
(2)|Ψ0〉 = 1√
(D − 2)(k2 − 1)
D−2∑
j=1
k2−1∑
a=1
∣∣Ĝaj Ĝaj 〉.
After a lengthy calculation [12], we derive the scatter-
ing amplitude for this spin-0 and gauge-singlet chan-
nel
(3)
T̂0
[|Ψ0〉→ |Ψ0〉]= 2kgˆ2s
D − 2
[
4(D− 2)
sin2 θ
− (D − 4)2
]
,where θ is the scattering angle. The D-dimensional s-
partial wave amplitude [9] is thus deduced as
aˆ00 = (
√
s )δ
2(16π)1+ δ2
(
1+ δ2
) π∫
0
dθ (sin θ)1+δT̂0
(4)= 2k
√
π
[
4(2+ δ)− δ31+δ
]
(16π)1+δ/2δ(2+ δ)( 1+δ2 )
(
gˆ2s s
δ
2
)
.
With the unitarity condition |
e aˆ00|< 2!/2 (where
the factor 2! is due to the identical particles in the final
state), we arrive at
(5)√s <
[
(16π)1+ δ2 δ(2+ δ)( 1+δ2 )
2k
√
π
∣∣4(2+ δ)− δ31+δ ∣∣
1
gˆ2s
]1/δ
,
which shows that tree-level unitarity violation in such
a D-dimensional theory indeed occurs at an energy of
order its intrinsic ultraviolet (UV) scale O(gˆ−2/δs ).
For the gluon scattering being described by this
effective higher-dimensional gauge theory, the scatter-
ing energy
√
s cannot exceed the cutoffΛ of the effec-
tive theory,
√
s < Λ. Therefore, for the highest possi-
ble scattering energy, the scale Λ is also bounded by
the right-hand side of Eq. (5), which results in a con-
straint on gˆ2s ,
(6)gˆ2s <
(16π)1+ δ2 δ(2+ δ)( 1+δ2 )
2k
√
π
∣∣4(2+ δ)− δ31+δ ∣∣
1
Λδ
.
The uncompactified higher-dimensional SM by
itself is, of course, of no direct phenomenological rel-
evance. Rather, we would like to consider the situ-
ation when the δ extra spatial dimensions are com-
pact. In this case, each extra dimension is manifested
as Kaluza–Klein towers of the given fields, with mass
spectra characterized by |n|/R, where 1/R is the com-
pactification scale and n the KK-level. The details
of the spectra and interactions of these modes de-
pend on the extra-dimensional boundary conditions
imposed at the scale 1/R. In the next section, we
will explicitly investigate the unitarity of the 5d SM
compactified on S1/Z2. However, we expect the es-
sential properties of unitarity—which arise from the
high-energy/short-distancebehavior (E 1/R) of the
higher-dimensional gauge theory—should be insensi-
tive to the details of the compactification. In particular,
we expect that Eq. (6) should hold at least approxi-
mately after the extra dimensions are compactified.
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of the bound Eq. (6) as applied to a toroidal compact-
ification of the δ extra dimensions on T δ = (S1/Z2)δ ,
with a common radiusR. (For δ  2, the current analy-
sis may be readily extended to the case of asymmetric
compactification [10] or with nontrivial shape moduli
[11], with which some of the constraints could be re-
laxed [12].)
TheD-dimensional gauge coupling gˆ2s is connected
to the dimensionless coupling g2s in the compactified
effective 4d KK theory via, gˆ2s = Vδg2s with the
D-dimensional volume Vδ = (πR)δ . As described
previously, we expect the coupling gˆ2s to be bounded
for a given value of the cutoff Λ. The effective 4d
KK theory can only contain modes of a mass below
the cutoff Λ. Therefore, the highest KK level in this
compactification is fixed by NKK =ΛR. We can thus
convert Eq. (6) into a constraint on NKK,
(7)NKK <
[
42+δπ 1−δ2 δ(2+ δ)( 1+δ2 )
2k
∣∣4(2+ δ)− δ31+δ ∣∣
1
g2s
]1/δ
,
which, as written, applies to any compactified SU(k)
Yang–Mills theory.
Eq. (7) shows that for a given value of the four-
dimensional gauge coupling, the highest KK level
in the effective 4d theory is bounded from above.
The emergence of this bound reflects the fact that,
as shown in Ref. [8], the bad high-energy behavior
of the underlying higher-dimensional gauge theory
manifests itself through the appearance of the myriad
KK excitations which couple together to enhance
the scattering amplitude and thus speed up unitarity
saturation.
To illustrate these features, we first apply the bound
(7) to the QCD sector. Taking a sample value of αs 
0.1 at O(TeV) scale, we derive the following bounds
from Eq. (7)
(8)NKK  (2,3,3,4,4,6,4),
for δ = D − 4 = (1,2,3,4,5,6,7), respectively. It is
also straightforward to apply the condition (7) to the
scattering of weak gauge bosons in the SU(2)W ⊗
U(1)Y electroweak (EW) gauge sector of the D-
dimensional SM. Ignoring the small W3–B mixing
and setting SU(k) = SU(2)W , we deduce the follow-
ing bounds on NKK, for δ = (1,2,3,4,5,6,7),
(9)NKK  (9,6,6,5,6,8,6),where we have replaced g−2s by g−2 = (v/2mw)2 in
(7), with v the Higgs vacuum expectation value (VEV)
and mw the mass of weak gauge bosons. For δ  3,
this is significantly weaker than (8) from the QCD
sector. The nonmonotonic behavior of NKK bounds
(8) and (9) as a function of δ is because in the right-
hand side of Eq. (7) the denominator has a maximum
at δ  2.5 and flips sign at δ  6.2.
Next, we analyze the scalar Higgs sector of the D-
dimensional SM. The Higgs Lagrangian is
(10)
L̂Dh =DMΦ̂ †DMΦ̂ −
[−µ2Φ̂ †Φ̂ + λˆ(Φ̂ †Φ̂ )2],
where DMΦ̂ = (∂M − i2 gˆτ aŴaM − i2 gˆ′B̂M)Φ̂ , and the
D-dimensional Higgs (gauge) coupling λˆ (gˆ, gˆ′) has
a mass dimension of −δ (−δ/2). Due to −µ2 < 0,
the Higgs doublet Φ̂ develops a VEV so that Φ̂ =
(−iπˆ+, (vˆ + hˆ0 + iπˆ0)/√2 )T, and the neutral Higgs
boson hˆ0 acquires its mass at tree-level
(11)mˆH =
√
2λˆvˆ2.
Consider the D-dimensional scalar–scalar scat-
tering, |φˆaφˆb〉 → |φˆcφˆd 〉, via the neutral channels
|φˆaφˆb〉, |φˆcφˆd〉 = 1√
2
|hˆ0hˆ0〉, 1√
2
|πˆ0πˆ0〉, |πˆ+πˆ−〉,
|hˆ0πˆ0〉, in analogy with the customary analysis in the
usual 4d SM Higgs sector [5]. Their scattering ampli-
tudes form a 4×4 matrix and, for s mˆ2H , approach a
constant matrix which arises from the four-scalar con-
tact interaction. (The channel |hˆ0πˆ0〉 actually decou-
ples from the other three.) The eigenvalues of this con-
stant matrix are readily worked out as −λˆ · (6,2,2,2)
so that the maximal eigenvalue amplitude is T̂max =
−6λˆ. Thus, using the first formula in Eq. (4), we de-
rive the D-dimensional s-partial wave amplitude
aˆ0 =−C0
(√
s λˆ1/δ
)δ
,
(12)C0 ≡ 3
√
π
(16π)1+δ/2
( 3+δ
2
) .
The relevant unitarity condition is |
e aˆ0|< 12 , where
the possible identical particle factors are included [5]
in the normalization of in/out state |φˆaφˆb〉 or |φˆcφˆd 〉
mentioned above. So, we deduce,
(13)√s < (2C0λˆ)−1/δ,
which again shows that the unitarity violation in such
a D-dimensional theory indeed occurs at the intrinsic
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we may interpret Eq. (13) as an upper bound on the
cutoff Λ, and translate this into a condition on λˆ,
(14)λˆ < 1
2C0(
√
s )δmax
= 1
2C0Λδ
.
In parallel with our analysis of the gauge sector,
we interpret (14) in the context of compactification on
T δ = (S1/Z2)δ and examine the consequences for the
effective 4d KK-theory. The D-dimensional coupling
λˆ is related to the dimensionless coupling λ in the 4d
KK-theory via, λˆ = Vδλ = (πR)δλ, and Eq. (14) can
be rewritten as
(15)λ < 1
2C0VδΛδ
 1
2C0πδ(NKK)δ
,
where NKK  ΛR represents the highest KK levels
associated with each compactified extra dimension in
the low-energy effective theory. Here, for simplicity,
we have ignored the small O(m2wR2) correction to the
KK mass spectrum in the EW sector.
The 4d KK theory contains a zero-mode Higgs
doublet Φ0 = (−iπ+0 , (v + h00 + iπ00 )/
√
2 )T, and its
KK excitations Φn = (−iπ+n , (v +H 0n + iπ0n)/
√
2 )T,
where the VEV of the 4d Higgs doublet Φ0, v =
(
√
2GF )−1/2  246 GeV, is related to that of Φ̂ via
vˆ = v/√Vδ . The corresponding mass of the zero-mode
neutral Higgs boson h00 is then given by
(16)mH =
√
2λv2 =
√
2λˆvˆ2 = mˆH ,
which is unchanged under the compactification.
Hence, we can deduce, from (15), the unitarity bound
on the physical mass of the 4d SM Higgs boson h00,
(17)mH < v√
C0VδΛδ
 v√
C0πδ(NKK)δ
,
where for δ = (1,2,3,4,5,6,7),
1/
√
C0πδ  (4.6,8.0,14.7,28.5,57.6,121,260).
Alternatively, for a given mH ,
(18)NKK <
(
v2
C0πδm2H
)1/δ
.
A few comments are in order. We note that Eq. (18)
shares similar features to the gauge KK bound (7),
except that in the Higgs sector the coupling λ (or
mass mH ) is not fixed by observation. If we imposeTable 1
Estimated limits on mH (in GeV) from Eq. (17) as δ and NKK vary.
The entries marked by × are already excluded by LEP-2 searches,
while only those marked by 2 are allowed after imposing the NKK
bound (8)
NKK = 3 4 5 6 8 10 12 15 20
δ = 1 656 568 508 464 402 359 328 293 254
= 2 6562 492 394 328 246 197 164 131 98×
= 3 6982 453 324 247 160 115 87× 62× 41×
= 4 7802 4382 281 195 110× 70× 49× 31× 18×
= 5 9092 4432 254 161 78× 45× 28× 16× 8×
= 6 10982 4632 2372 1372 58× 30× 17× 9× 4×
= 7 13682 5002 229 121 44× 20× 11× 5× 2×
the existing direct Higgs search limit at LEP-2, mH >
114.3 GeV (95% C.L.), we can deduce, from (18),
(19)NKK  (98,17,10,7,6,6,6),
for δ = (1,2,3,4,5,6,7). The limits (19) are signifi-
cantly weaker than the bounds (8), (9) from the gauge
KK sector, especially for δ  3. The bound (17) on
the Higgs-boson mass is listed in Table 1 for vari-
ous values of δ and NKK. The entries marked by ×
are excluded by direct Higgs searches at LEP-2, cf.
Eq. (19). We see that NKK is more severely bounded
by the unitarity of the gauge boson scattering, espe-
cially for gluons as long as they propagate in the bulk
(cf. (8)). Imposing the stronger bound (8), we can ex-
amine how Eq. (17) would constrain mH . The corre-
sponding upper limits are displayed in the entries of
Table 1 marked by 2.
Finally, we stress that the strong bounds we have
derived for either the coupling constants (g2, λ) or the
Higgs mass mH are due to the large extra-dimensional
volume Vδ ∼ Rδ which appears in relating the D-
dimensional and four-dimensional physics. Equiva-
lently, following [8], the strong bounds arise because
of the appearance of many KK excitations in the com-
pactified theory which couple together to enhance the
scattering amplitude and speed up unitarity saturation.
Therefore, it is clear that if any field is restricted on
a brane, the corresponding unitarity bound on its cou-
plings would reduce back to that of the customary 4d
SM.
In the scenario with universal extra dimensions
[14], all SM fields propagate in the extra dimensions
and are thus subject to the unitarity limits discussed
above. In particular, these results suggest that the
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ized consistently. For a givenNKK and under the com-
pactification (S1/Z2)δ , the total number of states con-
sistent with the unitarity constraint is approximately
given by
(20)n(NKK)≈ π
δ/2

(
1+ δ2
)(NKK
2
)δ
.
For D = 6, our constraints in (8) yield a total number
of KK modes n  7, and for D = 8 we find n  79.
Neither appears likely to yield a sufficiently light top
quark mass at the observed value, for a wide range of
compactification scales [15].
For theories with extra-dimensional perturbative
gauge unification [13], all gauge fields live in the
bulk and again these bounds apply. We will return to
implications for GUTs in Section 4. Finally, we note
that our analysis may be extended to bounds on gauge
KK scattering and graviton KK scattering [12] in a
warped 5d SM à la Randall–Sundrum (RS1) [16].
3. KK theory: E-cancellations and unitarity limits
We now turn to an explicit analysis of the effective
4d KK theory arising from compactifying a 5d SM
on S1/Z2. The Lagrangian of this 4d KK theory
will contain interactions involving purely physical
fields [17,18] and interactions involving additional
geometric and ordinary would be Goldstone fields
[8,19]. In Ref. [8], the scattering of the longitudinal
components of the KK excitations of Yang–Mills
fields was systematically computed. Here we will
further compute all amplitudes involving transversely
polarized gauge KK fields, and in the case of the EW
gauge bosons, include the effect of EW symmetry
breaking of the SM.
We begin by considering gluon KK scattering
G
a,n
j1
G
b,n
j2
→ Gc,4j3 G
d,4
j4
, where j ∈ (+,0,−) denotes
the three helicity states and (n, 4) the KK levels. We
may define a spin-0, gauge-singlet state
(21)∣∣Ψ n0 〉= 1√3(k2 − 1)
+1∑
j=−1
k2−1∑
a=1
∣∣Ga,nj Ga,nj 〉,
where k = 3 for QCD SU(3)c. The corresponding
|Ψ n0 〉 → |Ψ 40 〉 scattering channel consists of 9 helicityamplitudes, but only 4 of them are independent under
the discrete (P, C, T) symmetries. We arrive at
T0
[∣∣Ψ n0 〉→ ∣∣Ψ 40 〉]
(22)
= 1
3(k2 − 1)
+1∑
j,j ′=−1
k2−1∑
a,c=1
{T aa,cc00,00 + 2T aa,cc++,++
+ 2T aa,cc++,−− + 4T aa,cc00,++
}
.
A systematic calculation shows that the amplitudes
T aa,cc00,++ and T aa,cc++,++ vanish to O(g2s E0), while the
amplitudes T aa,cc00,00 and T aa,cc++,−− both have nonzero
O(g2s E0) contributions. We have verified the non-
trivial energy-cancellations at O(E4,2) [O(E2)] for
the amplitudes T ab,cd00,00 [T ab,cd00,++] involving four [two]
external longitudinal KK gluon states, and the con-
sistency with the Kaluza–Klein equivalence theorem
(KK-ET) [8]. We then compute the s-partial wave am-
plitude for (22) with n = 4,
(23)a00 = kg
2
s
24π
[
−1+ 6 ln N
2
s
|n2 − 42|
]
,
where Ns ≡ √sR  NKK. This explicitly shows that
due to the exact E-cancellations, the partial wave
amplitude indeed behaves as constant at the leading
order.
To maximize the scattering amplitude, we define a
normalized state consisting of KK-levels up to N0,
(24)|Ω〉 = 1√
N0
N0∑
n=1
∣∣Ψ n0 〉,
where the kinematics of 2 → 2 scattering requires
N0 < Ns/2. For (N0)max = (Ns)max/2 = NKK/2, we
deduce the maximal s-wave amplitude for |Ω〉 →
|Ω〉, to leading order in NKK,
(25)
a00[Ω] = kg
2
s
8π
[
−NKK
6
+ 4
NKK
NKK/2∑
n=4=1
ln
N2KK
|n2 − 42|
]
.
From the unitarity condition |a00|<
√
2!/2 (where the
2! arises from identical particles in the final state [12]),
we derive the following numerical bound for the QCD
sector,
(26)NKK  4.
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tering in the EW gauge sector, where a small mix-
ing [19] arises between the geometric KK Gold-
stone bosons Wa5n and the KK excitation modes πan
of ordinary Goldstone bosons in the Higgs doublet.
This mixing is described by a mixing angle sin θn =
mv/Mn  1, and mv (= mw,z) is the mass of the
zero-mode gauge bosons (W±0 ,Z
0
0). As a result, the
“eaten” KK Goldstone field is π˜an = cosθnV a,5n +
sin θnπan (V a,5n = W±,5n ,Z0,5n ), and the gauge KK
modes V a,µn (= W±,µn ,Z0,µn ) have mass Mn =√
(n/R)2 +m2v  n/R (mv  n/R). There are three
types of physical KK Higgs states (H±n ,P 0n ) which
are just orthogonal to the “eaten” KK Goldstone fields
(π˜±n , π˜0n).
From direct calculation [12], we find that this small
mixing causes extra E2 contributions to individual
contributions to the scattering amplitude with four ex-
ternal longitudinal gauge KK states, but they exactly
cancel to O(E0) for each process. This is consistent
with the E-counting for the corresponding KK Gold-
stone amplitude based on the KK-ET [8] which, un-
like the conventional ET for the 4d SM [4,5,20–22],
involves the geometric Higgs mechanism from com-
pactification. Analogous to our analysis in the QCD
sector and ignoring the tiny constant terms suppressed
by m2wR2 or m4wR4, we derive the unitarity bound on
NKK from a coupled channel analysis for the 2 → 2
EW gauge KK scattering,
(27)NKK  11,
where we have replaced g2s in Eq. (25) by the weak
gauge coupling g2 = (2mw/v)2.
It is interesting to compare the bounds (26) and
(27) with those estimated from the uncompactified D-
dimensional scattering analysis for D = 5. We see
that (27) agrees with (9) quite well where the NKK
upper limits are about 9–11, while (26) agrees with
(8) up to a factor of 2 where the NKK is constrained
to be no higher than the range of 2–4. This is as
expected, however, since for very low values of NKK
the kinematic effects due to the finite KK masses
(which are absent in the uncompactified analysis)
would become more important. Also, the subleading
terms ignored in the 4d amplitude (25) are suppressed
by a factor 1/NKK relative to the leading terms and
imply a larger uncertainty for very low values of NKK.Hence, we see that the two independent analyses are
consistent with each other, and they provide consistent
estimates for the unitarity bounds.
Next, we perform a coupled channel analysis for
the 2 → 2 Higgs KK scattering and derive the mH
bounds in the effective 4d KK theory. There are
four types of processes (and their crossing chan-
nels) which appear relevant to this coupled channel
analysis: (i) Hn Hn → Hk Hk , (ii) h0 H2k → Hk Hk ,
(iii) h0h0 → Hk Hk , (iv) V a0LV a0L → Hk Hk , whereHn ∈ (H 0n ,P 0n ,H±n ) represents three types of physi-
cal Higgs KK states and V a0L ∈ (W±0L,Z00L) denotes the
zero-modes of the longitudinal weak gauge bosons. As
will be clear shortly, we find that the only important
processes for our coupled channel analysis are type-(i)
which involves only KK scalars (without zero-mode)
for the in/out states of the 2→ 2 scattering.
For the type-(i) channels, we will consider the scat-
tering | Hn Hn〉 → | Hk Hk〉, via electrically neutral KK
channels | Hn Hn〉, | Hk Hk〉 = 1√2 |H 04 H 04 〉,
1√
2
|P 04 P 04 〉,
|H+4 H−4 〉, |H 04 P 04 〉 (4= n, k) in analogy with the cus-
tomary analysis of the 4d SM [5]. Again, the channel
|H 04 P 04 〉 decouples from the other three channels and
their scattering amplitudes form a 4× 4 matrix which
approaches constant for sM2H . We then derive the
eigenvalues of this matrix as,−λ·(6,2,2,2) for n = k,
and−(3λ/2) · (6,2,2,2) for n= k. Thus, the maximal
eigenvalue amplitudes are
Tmax[nn, kk] = −6λ,
(28)Tmax[nn,nn] = −9λ,
where n = k. Defining a normalized state consisting of
N0 pairs of KK states,
(29)|S〉 = 1√
N0
N0∑
n=1
|nn〉,
we deduce the s-wave amplitude for |S〉 → |S〉, at the
leading order of N0,
(30)a0[S] = −3N016π
(
mH
v
)2
,
where the inelastic channels nn→ kk (n = k) domi-
nate while channels nn→ nn are only of O((N0)0).
From the unitarity condition |
ea0|< 1/2 and noting
the kinematic requirement N0 NKK/2 ΛR/2, we
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(31)NKK < 16π3
(
v
mH
)2
,
or, the bound on the Higgs mass,
(32)mH <
(
16π
3
)1/2 v√
NKK
.
With these we can constrain NKK by imposing the
LEP-2 Higgs search limit mH < 114.3 GeV,
(33)NKK  77.
Comparing our estimated bound (20) for D = 5 with
the above limit, we see that the difference is only about
21%. Using the condition (32), we further derive the
Higgs mass limits,
mH < (581,503,450,411,356,318,291,
(34)260,225) GeV,
for the inputs NKK = (3,4,5,6,8,10,12,15,20), re-
spectively. Again, we notice that the estimated bounds
in Table 1 (δ = 1) are in reasonable agreement.
Finally, we comment that for type-(ii), -(iii) and
-(iv) processes we could define similar normalized
in/out state to Eq. (29), but it is readily seen that the
corresponding scattering amplitudes only have lead-
ing contributions at O(1), O(√N0 ) and O(√N0 ), re-
spectively. The type-(i) channels with n= k also have
amplitudes of O(1). So, the bounds from these other
channels are too weak to be useful in comparison with
that of type-(i) with n = k.
4. Gauge unification and unitarity constraints
In higher-dimensional grand unified theories
(GUTs), the KK states will contribute to the run-
ning gauge coupling constants. For sufficiently many
KK states, these contributions mimic the power-law
running expected in a higher-dimensional theory and
it has been proposed that this could substantially
lower the GUT scale in these theories [13]. The uni-
tarity bounds we derived from the gauge KK scat-
tering in the previous sections can apply to any
higher-dimensional GUT (with/without supersymme-try) whose low-energy theory contains the SM gauge
bosons and their KK excitations as part of the spec-
trum. We will show that such unitarity constraints
severely restrict the number of KK states which can
consistently accelerate perturbative gauge-coupling
unification. This bound prevents the unification scale
in 5d minimal SUSY GUT from being lower than
about 1014 GeV.
In the MS scheme, the running gauge coupling may
be expressed as [13,23]
(35)
α−1j (µ)= α−1zj −
bj
2π
ln
µ
mz
− b˜j
2π
F
(
δ,n(µ)
)+ κj ,
where αzj ≡ αj (mz), κj represents corrections from
the higher loop-levels and possible higher-dimensional
operators suppressed by GUT scale MG [23]. The
F(δ,n(µ)) term arises from the one-loop KK contri-
butions,
(36)F (δ,n(µ))= n(µ)∑
n=1
Dn ln µ
Mn
,
where Mn is the mass of relevant KK excitations at
level n, n(µ) is defined by Mn(µ) < µ<Mn(µ)+1, and
1  n(µ)  NKK. The Dn denotes the degeneracy at
the KK level n.
For δ = 1 with compactification on S1/Z2, we have
Dn = 1 and
(37)F(1,NKK)=NKK lnNKK − ln(NKK!),
where we set NKK = RMG. Unification at the GUT
scale imposes the conditions α1(MG) = α2(MG) =
α3(MG), where we have used the usual GUT normal-
ization, α1 = (5/3)g′2/(4π). From this, we arrive at
(38)
MG =mz exp
{
2π
;bij
[
;α−1zij −
;b˜ij
2π
F(δ,NKK)
+∆ij
]}
,
where ;α−1zij = α−1zi − α−1zj , ;bij = bi − bj , ;b˜ij =
b˜i − b˜j , ∆ij = κi − κj = O(10−2), and i < j =
1,2,3. Eq. (38) contains three relations with (ij) =
(12,23,13), two of which are independent.
As in the case of four-dimensions, the D-dimen-
sional extension of the SM without supersymmetry
(SUSY) does not realize perturbative gauge unifica-
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particle spectrum [13]. The simplest example of the
perturbative gauge unification is the minimal super-
symmetric extension of the SM (MSSM). Follow-
ing [13,23,24], we will consider a D-dimensional
MSSM compactified on T δ = (S1/Z2)δ , with vector-
supermultiplets and two Higgs supermultiplets prop-
agating in the bulk, and chiral-supermultiplets for
fermions sitting on the brane. For the simplest GUT
group SU(5) [25], the SM fermions fill an entire SU(5)
representation, their presence in the bulk would not ef-
fect unification, but does change the value of the uni-
fied coupling. Since matter contributes positively to
the beta functions and drives the theory to stronger
coupling, allowing matter in the bulk will only en-
hance the effect of KK excitations and strengthen our
unitarity bounds. For this D-dimensional MSSM, the
coefficients of one-loop beta functions are, (b1, b2, b3)
= (33/5,1,−3), and (b˜1, b˜2, b˜3) = (3/5,−3,−6).
Substituting these into (38), we derive the numerical
relation
(39)
MG  104 exp
[
28.3
(
1− F(δ,NKK)
44.1
+ 0.040∆12
)]
GeV,
where we have imposed the condition α1(MG) =
α2(MG) since theZ-pole values of α1,2 are much more
precisely known than the value of α3.
Using (39), we plot the GUT scaleMG as a function
of NKK for the 5d MSSM in Fig. 1(a). In [23], it was
argued that the term ∆ij may receive contributions
from the higher-dimensional operators suppressed by
the string scale which is of O(10−2) in the MSSM
and could be as large as 10% in its next-to-minimal
extension (NMSSM). In Fig. 1(a), we have varied ∆12
from +10% to −10%. Using the Eq. (35), we also
plot in Fig. 1(b) the evolution of three gauge coupling
constants with a typical high compactification scale
R−1 = 1013 GeV, where the higher order parameter
κj is varied within ±10%. In this case, the unification
is accelerated to a lower scale MG = 1014 GeV due to
the presence of NKK = 10 KK states.
For a compactification size R and a GUT scale
MG, perturbative unification can only occur if the
KK modes of level NKK = RMG satisfy the unitarity
bounds in Section 3. We note that when MG is closeFig. 1. (a) The GUT scale MG as a function of required NKK value
for the 5d MSSM compactified on S1/Z2. Note that, the bound
NKK  11 in Eq. (27) restricts MG  1014 GeV. (b) The evolution
of gauge couplings with the scale µ (in GeV) in the 5d MSSM,
where R−1 = 1013 GeV, NKK = 10 and the unification occurs at
µ= 1014 GeV.
to the conventional GUT scale, the running coupling
α2 = g2/4π in the range between R−1 and MG has
about the same size as (or slightly larger than) the
weak scale value α2(mz) (cf. Fig. 1(b)). Hence, we
can apply the unitarity limit NKK  11 in Eq. (27),
and find that, because of NKK = MGR, the scales
R−1 and MG cannot be separated by more than one
order of magnitude. This is a generic feature for
any higher-dimensional GUT theory, when the bound
(27) can be applied directly. Therefore, no substantial
acceleration of four-dimensional perturbative gauge
unification is possible from embedding the theory in
higher dimensions. In particular, the GUT scale of the
5d minimal SUSY GUT has to be of order 1014 GeV or
higher (cf. Fig. 1(a)). An extension of our analysis to
the 5d GUTs broken by orbifolds [26] can be similarly
performed [12].
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In this Letter we have extended the study of the
unitarity of compactified 5d Yang–Mills theories, and
investigated the unitarity of the standard model (SM)
in higher dimensions. Analyzing gauge-boson scatter-
ing in the uncompactified D-dimensional theory, we
derive an upper bound on the UV cutoff of the the-
ory. Using this estimate in the compactified case yields
bounds on the highest Kaluza–Klein (KK) level NKK
and the Higgs mass mH allowed in the effective 4d
low-energy theory. We demonstrated the validity of
these general observations by explicitly analyzing the
effective 4d Kaluza–Klein theory from a compactified
five-dimensional SM on S1/Z2. With the analyses be-
fore and after compactification, we derive the strongest
bounds on NKK from the gauge KK scattering. Apply-
ing these bounds to higher-dimensional supersymmet-
ric GUTs, we show that only a small number of KK
states can be used to accelerate the perturbative gauge
coupling unification. In particular, the unification scale
MG in the 5d minimal SUSY GUT and similar theo-
ries cannot be lower than about 1014 GeV.
As this work was being completed a related study
[27] appeared, which considered bounds on mH from
the scattering of W+0LW
−
0L into the scalar KK states by
using the equivalence theorem.
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